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Concentrated force in a porous half-spaée*

Kh.Kh. Imomnazarov

The formulas for calculation the displacement of an elastic porous body, strains
and pressure for simple forces using the Galerkin vector are obtained.

In [1] R. Mindlin and D. Cheng considered in an elastic half-space a
problem of a concentrated force. They obtained the formulas for calculation
the displacements and pressure for various simple forces using the Galerkin
vector.

The similar problem for porous half-space is considered in the given work:
to calculate a displacement of an elastic porous body, strains and pressure
for simple forces. Thus the surface z = 0 is considered free from strains and
pressure.

The equations of motions in a porous medium are obtained in terms of
displacements [2], and in terms of velocities of displacements [3, 4]. Thus
the Biot model contains four elastic constants. As was shown in [4, 5], the
equations of motions of a porous medium contain three elastic constants.

We consider a boundary value problem in a porous half-space z > 0:

NAU+(D-i—N)VdivU-i—QVdivV-l—po,sf = 0, (1)
QVdivU + RVdivV +po f = 0, (2)
Urz!z:O = Uyzlz:[) = O'zzlz=0 = %P 7=0 = 0, (3)

where Q, R, N, D are the elastic constants of the Biot theory, U and V are
the vectors of displacements of an elastic porous body and fluids with partial
densities pps and po,; correspondingly, o;, is a strain tensor, j = z,y, 2, P is
a pressure, f is a mass force, po = po,s + po,-

After differentiating on time system (4.2) from [2] and comparing with
system (7.4), (7.5) from [5], we obtain the expression for the coefficients Q,
R,N,D

Then the system of equations (1), (2) has the following form:

pAU + (,\ +pu+aopl, - 21{%)9&) VdivU -
0

po(K/po — po,s0)VdivV + pgf = 0, (4)
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~poi(K/po = po,s0)VdivU + pg 1@V div V + po i f = 0. (5)

Here A, pu, a = poas + K/pé are the constants from the equation of state
(5], K = A +2u/3.

We consider a porous medium, i.e., pg; > 0.

Let us exclude Vdiv V from (4). Using equation (5), we obtain

PAU + (7 + p)VdivU + (ape) K f = 0, (6)

where X = A — (p2a) "1 K2. :
From boundary conditions (3) we exclude div V', then using the defini-
tions of a tensor strains and pressure, we obtain

0, | U.\| _ a,  UN|

(az +a) 2"0_0’ IM(az-i-ay)z=()_0? (7)
2,00 o
> =0

Now we exclude a mass force f from equation (5) and using equation (4),
we obtain div V' from the equation

Vdivv = 22 EAu 4 (M-”i-%)wivv 8)
p K poi poy

with a boundary condition

div V|.=0 = (@po,) ™" (K/po — po,s@) div U|.=o. (9)

Thus, boundary value problem (1)-(3) was divided in two sequentially sol-
uble problems. With the help of a Galerkin vector F = iX + jY + kZ, we
find the vector of displacements and strains by the following formulas [1]:

1 i d .
Uz = ﬂ [2(1—V)AX—'8—IleF],

2
Ozp = 2(1 - ﬁ)-Q-AX + (i)A 9 )leF

o0z dz?
U, = % 2(1—D)AY~%divF],
Oy = 2(1-:7)%AY+ (m g’i) div F,
U, = i 2(1——:7)AZ-—$divF],
0p = 2(1— D) ;—ZAZ+ (:7 6‘?22) div F,
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[0 a 9%
Ozy = (1 - V) (@AX-I- £AY) - -ax'—aydlv F,
N 0 .
Or; = (1-—1/) (EEAZ-F E;AX) —mdl\'lp,
[0 a &
Oyz = (1—1!) (aAY+@AZ) - 53’3—2{11\'1’,

1
2p _ -1
AF—ﬁ_l(apo) Kf.

Here 1, j, k are the unit vectors of an orthogonal system, & = M2+ p)).
We note that & has a sign.

Solving the boundary value problem (8), (9) we obtain the expressions
for the pressure

P = (I _Atn ga) divU — (K— Mpga) divU|,;= —
K K
£ (2 3_’)[2 9Us
Kpoa ((31:2 + ayz o U3($7 yi&)d€+ az .
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