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Randomized vector Gauss-Seidel algorithm with
black-red ordering for solving the elastostatics
Lamé equation*®

Karl K. Sabelfeld, Anastasiya Kireeva

Abstract. A stochastic iterative algorithm for solving the elastostatics Lamé equa-
tion in a two-dimensional domain is suggested. The Dirichlet boundary value prob-
lem for a system of two coupled second order elliptic equations for the displacement
vector components is considered. We approximate the Lamé equations with finite
differences and transform the resulting system of linear algebraic equations using
the red-black ordering of the Gauss-Seidel method. We solve this system using a
vector randomized algorithm. The idea behind these stochastic methods is a ran-
domized vector representation of matrix iterations that are performed by sampling
random columns only, avoiding matrix by matrix and matrix by vector multiplica-
tions. We test the developed iterative algorithm by a comparison of the simulation
results with the exact solution of the Lamé equation.

Keywords: elastostatics Lamé equation, matrix iterations, linear algebraic system,
Monte Carlo method, red-black ordering.

Introduction

Systems of linear algebraic equations arise in many scientific and engineer-
ing fields. Some practical problems require solving systems of very high
dimension. Therefore, fast efficient methods for solving large linear systems
are of high demand. Stochastic and randomization algorithms are currently
widely used in large-scale computing [1,2], including numerical methods for
solving linear systems [3,4]. Monte Carlo algorithms are very efficient and
scalable on parallel platforms [5].

In [6], a new vector randomized algorithm for solving systems of linear
algebraic equations is suggested. The algorithm is based on iteration meth-
ods, for instance, a simple iteration represented as a von Neumann series
for matrix iterations. The calculation of the matrix iteration is based on
a special representation of the matrix through a special stochastic matrix
and sampling random columns instead of multiplying matrix by matrix and
matrix by vector.

In this paper, we apply the vector randomized algorithm to solve the
Lamé equation governing the static elasticity problem. Many of continuum
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mechanics problems are related to the elasticity theory [7]. Finite difference
and finite element methods solving the elasticity equations face some prob-
lems related to the fact that the components of the displacement vector are
strongly coupled [8-12].

We study the efficiency of the randomization algorithm by solving the
stationary Lamé equation for a two-dimensional square domain. Thus we
deal in this paper with a system of two coupled second order elliptic equa-
tions for the displacement vector components as functions of variables x
and y. Each equation involves a mixed second order partial derivative of
another component. The idea of the iterative algorithm we suggest in this
paper can be shortly described as follows: in the first equation, the mixed
partial derivative of the second component is moved to the right-hand side of
the equation. The same is done with the second equation. In this form, we
deal with two anisotropic diffusion equations where in the right-hand-sides
mixed partial derivatives are placed.

We approximate the Lamé equations with finite differences and trans-
form the resulting system of linear algebraic equations using the red-black
ordering of the Gauss-Seidel method. Red-black ordering increases the con-
vergence of the iterative method, and is also well suited for vector and par-
allel computations [13,14]. As mentioned above, the solution of the Lamé
equations is calculated using an iteration algorithm. At each iteration, sys-
tems of linear algebraic equations for both components are solved by the
vector randomized algorithm, then the right-hand sides of the equations are
corrected for new computed solutions. In addition, we construct a parallel
implementation of the vector randomized algorithm.

The paper is organized as follows. Section 1 presents the Lamé equation
and the iterative algorithm for solving it, and also shows the systems of linear
algebraic equations obtained for this equation in the two-dimensional case.
Section 2 describes the vector randomized algorithm for solving systems of
linear algebraic equations. Section 3 presents the simulation results.

1. Iteration randomized algorithm for solving the Lamé
equation

1.1. Lamé equation. We consider the stationary Lamé equation with the
Dirichlet boundary condition:

pAu(r) + A+ p)V(V-u(r)) =0, red, (1)
u(r)[r = g(r),

where the Lamé coefficients u € R™ and A € R™ are positive real numbers,
the vector u(r) is the displacement at the point 7, the components of the
vector g(r) are continuous functions on the boundary I
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For simplicity, we solve the problem in a square domain. The equation
(1) in the two-dimensional case has the following form

#(621“(7“) N 62u1(r)) Lo+ Iu)<62u1(7“) i 6QU2(7’)> =0,

Ox? 0y? Ox? 0x0y
Pus(r)  Pus(r) Pus(r)  Pui(r) B
M( Ox? + Oy? > % N)( Oy? + 0x0y ) =0 @

ur(r)|r = gi(r),
L u2(7)|r = g2(7).

1.2. Discretization of the Lamé equation. The Lamé equation (2)
is discretized into a linear system of algebraic equations by approximating
derivatives through a central finite difference of the second order. To dis-
cretize the domain G of size L x L, we introduce a uniform grid of points of
size N X N.

Let {z;},7=0,...,N, and {y;}, j = , N, be uniform partitions of
the interval [0, L] in the x and y dlrectlons respectlvely, such that x; = ih,
t=20,...,N, and y; = jh, j = 0,..., N, where the spatial step size is
h=L/( N + 1) The continuous functlons ul( ), u2(r) and g1(r), go(r) are
replaced by the grid functions @4 (3, j), u2(7,5) and g1(4,7), g2(%,7)-

For all internal points, i.e. points that do not belong to the boundary of
the domain: 4,5 = 1,..., N — 1, the finite difference scheme for the Lamé
equation (2) is defined as follows.

Cl(al(i - 1’]) +’L_L1(Z + 17])) + bl(’al(iaj - 1) +'L_Ll(iaj + 1)) + alﬂl(ivj)

= f1(3,4), (3)
c1 = (QIUI;—)\)’ by = %, a; = (6”;2/\), (4)
o —Atw) _ _
f166,)) = =75 (@2(i, j) —@2(i,j +1) = a2(i + 1, 5) + @2(i + 1,5 + 1)),

(5)
co(uz(i — 1,7) + ta(i + 1, 7)) + ba(t2(i, j — 1) + u2(4, 5 + 1)) + aztz2(3, j)

:f2(i7j)7 (6)
022%, bzzw, aQZ(GMh—;”\), (7)
boind) = M(ﬂl(i,j)—ﬂl(i,j—l—l)—ﬂl(i—l-l,j)'i‘ﬂl(i"‘lJ"‘l))-

(8)

For the points belonging to the boundary I', the values of the functions
u1(r), uz(r) are determined as follows
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a1(27]) :gl(ivj)a ﬂ?(lv.]) :.92(2.7].)’
(i,j)e{i=0,N, j=0,...,Nori=0,...,N, j=0,N},

Equations (3), (6) yield the (N — 1) x (N — 1)? linear systems:

Aruy = fi,
Agtig = fo,

where the solution vector and the right-hand side vector are as follows:

L), (LN = 1), up(2,1), .. ue(2,N = 1),...,
N-1,1),...,us(N-1,N-D]T, k=12,
L),...,fk(L,N=1), fr(2,1),..., fx(2, N =1),...,
N-1,1),...,fi(N=1,N-1D]", k=12

The matrices A; and Ao are symmetric five-diagonal matrices of size
M x M, where M = (N — 1)2. The structure of the matrices A; and A

is shown in Figure 1. The coefficients ag, by, c, k = 1,2, are given by the
formulae (4), (7).

N
/—/%

- 5
b lc \
:bk a by O 1 Ck

N i bk.a..k..b-k.'-. i Ck-..
! beagbi | Ci O
1 O by a. bk} O Ck
o1 beag X G,
Ck 1k by 1ICk
c 0 b a bi " 0! «
G 2, ! C
R “'-“.'b-“: -
Ci ! kdk Ok Ci
a1 0 bi ax byl Ci > M
Cooooo___biay 0 «
... ... ...
ce 0 b i
Ck ibk ]i:k by b O H
G 2, !
0 w ERn
Ck } bracbe
a () by ai by
Coo_______bgag j

" J

. _
~
M

Figure 1. Structure of matrix Ay, k=1,2
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1.3. The red-black ordering of the Gauss-Seidel method. To im-
prove the spectral properties of the matrices Ay, we use the red-black or-
dering of the Gauss-Seidel method.

The Gauss-Seidel method is an iterative method used to solve a system
of linear equations. However, we use this method not to solve the linear
systems (9), but only to transform the matrices A; and As.

The red-black ordering implies that, first, nodes are numbered, whose
sum of indices ¢ 4 j is equal to an even number:

nNR = {(17 1)7 (LB)? SRR (2, 2)7 (274)7 sy
(N —1,1+o0dd),(N — 1,2+ odd), ...}, (10)
odd — 1, if Nis .odd number,
0, otherwise.

These nodes are called red nodes.

Then the nodes are numbered, the sum of indices ¢ + j of which gives an
odd number:

np = {(172)7(174)7-"7(271)7(2a3>7"'7
(N — 1,1+ even), (N — 1,2 + even), ...}, (11)

1, if N is even number,
even = )
0, otherwise.

These nodes are called black nodes.

The matrix Ay and the vectors wg, fi are reordered according to the
new node numbering. For example, let us consider the matrix A for the grid
size N = 3:

a b 0 ¢c 00 O0O0O0
b a b 0 c¢c 0 00O
0O b a 00 ¢ 0O0O0
c 00 a b 0 ¢ 0O
0 c 0Ob ad 0 cO (12)
00 ¢c 0b a0 0 ¢
000 ¢ 00 abdb O
000 0 ¢ 0 b a b
000 0O < ¢ 0 b a

The matrix A, transformed according to the red-black ordering, looks like
this
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a 00 00 b c 0O
0 a 00 0Ob 0 c O
0 0a 00 ¢ b b ¢
000 a 00 c 0 b
000 0 a 0 0 ¢ b (13)
b b ¢ 00 a 0 0O
c 0b ¢c 00 a 00
0O ¢c b 0c 00 a O
00 ¢c b b 000 a

For any value of size N, the matrix has the following block form [17]:

(& o2) ) - () a0

where aF is a diagonal matrix in which all diagonal entries are equal to a.
The matrix C' is a block of 5 x 4 elements in the upper right corner of the
matrix (13). The matrix C7T is the transposed matrix C. The vectors ug
and fr contain elements of the vectors u and f corresponding to the nodes
of red color. The vectors up and fp contain elements of the vectors w and
f corresponding to the nodes of black color.

The Gauss-Seidel iterations for the system (14) have the following form:

ae) = o(fn - Cuff™),
1 1 (15)
ay™ =~ (fp - —CT(fr - Cuy)).
a a
Thus, at each iteration, the values of the vector @ are calculated first in
nodes of black color (@), then using these values in nodes of red color (up).
To write the Gauss-Seidel method in matrix form, we represent the ma-
trix Ay as Ay = Dy — Ly — U, where Dy, is a diagonal matrix containing
diagonal elements of the matrix Ay, Ly is a lower triangular matrix, and Uy
is an upper triangular matrix. Then the Gauss-Seidel method is written as
follows:

fl,?_l = Akﬁ}i + by, (16)
Ay =(E—-D_'Ly)"'D; Uy, (17)
b = (E — D' Ly) ' Dyt fre, (18)

where F is an identity matrix.

In [16, chapter 9, page 176], it is shown that for the red-black ordering
of the matrix A = L + U, the inverse matrix (E — L)~! can be calculated as
(E—L)~! = (E+L). Based on this property, we calculate (E— D L)™' =
(E+ Dk_lLk) and obtain the matrix A and the vector b. The matrix Ay is
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a singular matrix, it contains zero elements corresponding to nodes of red
color. This is a consequence of the red-black ordering and corresponds to
the fact that first the system is solved for the black nodes, and then the
solution for the red nodes is calculated from these values.

1.4. Solving the Lamé equation. Thus, we have moved from the original
system (9) to the new system:
ai™ = Ajal + b,
el F b g (19)

The right-hand side b of the first system of linear equations is a function
of the solution u} of the second system of linear equations. Similarly, the
right-hand side b}, is a function of the solution u!.

Therefore, we solve the system (19) by iterative method. At each iter-
ation, the solution @} and the right-hand side b} are calculated first, then
the solution @} and the right-hand side b} are computed. In addition, each
iteration is performed in two stages. In the first step, the solution w; is
calculated in nodes of black color using the vector randomized algorithm
given in [6] (it will be given below in Section 2). In the second step, the
solution uy is calculated in nodes of red color using the newly calculated
values in the black nodes.

Let us describe the iterative algorithm for solving the system (19) in
more detail:

1.5. Iterative algorithm for solving the Lamé equation

1. At the beginning, initialize the right-hand side with any non-zero val-
ues, for example, b(l) = 1. Initialize t = 0.

2. Calculate the solution ﬁﬁé for black nodes using the vector random-

ized algorithm.

3. Calculate the solution ﬁﬁé for red nodes using the formula ﬁtl'f}% =

(Tll(bﬁ,R - Clﬁﬁé)
4. Calculate the right-hand side b5™ by the formulae (8) and (18) using
the new values of the vector ﬁ’iﬂ.

5. Calculate the solution ﬁ;jé for black nodes using the vector random-

ized algorithm.

6. Calculate the solution ﬂg'fé for red nodes using the formula ﬂé‘f& =

1 i+l
g(bg,}z - C2U§TB)-

7. Calculate the right-hand side bY*! by the formulae (8) and (18) using
new values of the vector a5
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at” — af

8. Calculate the errors ery, = T |, k=1,2.
k

|a
9. If er; < e and erg < €, where € € (0,1) is the required accuracy of the
solution, then stop the iterations.

10. Otherwise, increase the iteration number ¢ := ¢ + 1 and continue from
step 2.

2. The vector randomized algorithm for solving system of
linear algebraic equations

2.1. Random vector estimators for stochastic matrix iterations.
Let b € R" be a nonnegative stochastic vector, which means, y ;" | b; = 1.
Let A be a nonnegative n X n column stochastic matrix, which means,
Yoiqai=1for j =1,...,n. Further, we denote by Ay the kth column
of the matrix A.

In [6], the random unbiased vector estimators for the products A*b are
presented. In what follows the products A*b are called iterations.

For a stochastic matrix A and stochastic vector b an unbiased estimator
&j, for Ab is as follows.

Ab = E¢j, = E{A; | p = b}, (20)

where, E{A; | p = b} means that the expectation is taken over random
columns chosen at random from the distribution p = b.

Next step, an unbiased estimator &;, j, for the second iteration A2b is
constructed as follows:

A%b = A¢;, = EE{A; | p» = Ay; p1 = b} = E¢j, j,. (21)

This means that in the double expectation we first choose a random column
Ay, from the distribution p; = b, and then choose a random column A; from
the distribution ps = Aji. The unbiased estimator for the third iteration
is obtained by the next random sampling of a random column A; from the
distribution p3 = A;, etc., and for the kth iteration we get

fjkyjkqw-,jl = Ajk’ (22)

where each next random column is sampled from the previously sampled
column.

In the case of an arbitrary vector b, we construct the unbiased estimator
for the kth iteration A*d as follows. Let p(j) be an arbitrary probability
distribution of indices j = 1,2,...,n satisfying the condition p(j) # 0 if
b; #0,5=1,...,n. Then
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b.
Eﬁgﬁmjk—hm,jl = Akb7 k=1,2,..., (23)

where j; is a random index sampled from the density p.

2.2. Random vector estimators for iterations of positive or irre-
ducible nonnegative matrix. In [6] the randomized vector algorithm is
extended to positive or irreducible nonnegative matrices using transforma-
tion of nonnegative matrix A to a column stochastic matrix S.

Assume that a nonnegative matrix A has a positive eigenvalue A and
a positive eigenvector z of the transpose matrix A7 (ATz = \z) with its
positive components z1, ..., z,. Let Z be a diagonal matrix defined by Z =
diag{z1,...,2n}. Then the matrix

1
S=—-7ZAz1
A
is a column stochastic matrix.
This transformation allows to reduce the calculation of iterations A* to
calculation of iterations S¥:

AP = \kz71gk 7k =1,2,...

We take the maximum eigenvalue of the matrix A7 as a positive eigen-
value A. It is calculated by the power method [18].

2.3. Solving of a linear system. According to [6], let us describe the
algorithm for calculating the solution of a system of linear algebraic equation

x=Ax+b. (24)

In the case when spectral radius of matrix A is less than unity p(A4) < 1,
the solution of the system (24) can be represented as a Neumann series

T = i AFp.
k=0

Transform (24) for a column stochastic matrix A = A7 —1SZ multiplying
it by Z and introducing y = Zx, b = Zb. Then we arrive to the equation

y=ASy+b. (25)

The solution of the system (25) can be represented as a Neumann series
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y=b+ Z (AS)*b.
k=1

To achieve the target accuracy e of the solution, a finite number of it-
erations K should be taken as K ~ |loge|. Thus, we calculate yg, the

approximation of y, from
K

yr =b+ > (AS)b. (26)
k=1

The iterations (AS)*b are calculated using the random vector estimators
described in Section 2.1 for the stochastic matrix and arbitrary vector (23).
We use Walker’s alias method [19] to sample from the discrete distributions
given by the columns of a stochastic matrix and vectors.

We introduce a vector V' where we store the contributions for the iter-
ations S¥b along the Markov trajectories. The contribution corresponding
to the kth iteration is calculated as follows

ar = wA*S;, . (27)

Here, w = ;%1 is a weight that occurs when using the formula (23), where j;
1

is a random element of the vector b; A\¥ comes from the representation (26);
ji is a random column of the matrix S.
The Markov trajectories are constructed as follows:

2.4. Vector randomized algorithm for solving linear system
lbil
Z?:o b; ’
2. A random index j; is sampled from the density p and contribution
Q= %/\Sjl is added to the jith element of the vector V: V; :=
Vi, + a1

3. A random index j is sampled from the column S; and contribution
@ = %)\25’” is added to the jath element of the vector V: Vj, =

1. Choose the density p as follows: p; = 1=1,2,...,n.

‘/3’2 + q2,
4. etc., and the last state, a random index jx is sampled from the column
Sj_, and contribution qx = b]%)\KSjK is added to the jxth element
Pjq1

of the vector V: V. .=V, +qxk.

5. Repeat the steps 2-4 for M independent trajectories, and calculate
the result as

.1 &
yK:b‘FMZVi-

i=1
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3. Simulation results

In the Monte Carlo methods, the statistical error e; is measured by the
standard deviation v D / VM , where D is the variance, and M is the number
of trajectories [6]. Hence, the number of trajectories behaves like M ~
D/€2. The trajectories are statistically independent and can be calculated in
parallel. The traditional method of parallel implementation of Monte Carlo
algorithms is the distribution of random trajectories among the available
supercomputer’s cores [5].

The vector randomized algorithm 2.4 takes up most of the computation
of the iterative algorithm 1.5 for solving the Lamé equation. Therefore,
we implement the vector randomized algorithm in parallel using the MPI
standard. In addition, the compressed sparse column format is used to
store the matrices Cy, Cy (14) and Ay, A, (17), which reduces the amount
of memory needed to store data and the amount of calculations.

To verify the iterative algorithm 1.5, we solve the Lamé equation with a
known solution:

ui(z,y) = z(x — Dy(y — 1),

us(z,y) = 2z(z — )y(y — 1). (28)

After substituting the solution (28) into the equations (2), we get the
following system:

Oui(r)  0%ui(r) O*ui(r)  9*us(r) _f
,u( Ox? * Oy? ) +( +M)< Ox? * 0x0y ) = filr),
Fi(r) =220+ Ny(y — 1) + 2pa(z — 1) + 20 + p) (22 — 1)(2y — 1),
62162 (’I“) 821L2(’I") 621@ (’I“) 82u1 (’I") ~
( Ox? * Oy? ) A+ ,u)( 0y? * 0xdy ) = fa(r),
| Falr) = 420+ Na(w — 1) + dpy(y — 1) + (A + p)(22 — 1)(2y — 1).
(29)
We solve the Lamé equation in a unit square. In this case, we deal with
zero boundary conditions:

ur(r)lr =0, wua(r)lp =0. (30)

After discretization of the equations (29), we obtain linear systems (9)
with the same matrices A1 and A, as given in Section 1.3, and the following
right-hand sides:

vi(r) = fi(r) + fi(r),
vy(r) = fo(r) + folr),

where fi(r), fa(r) depend on the mixed derivatives of uj(r), uz(r), and
are calculated by the formulae (5), (8).
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We calculate the solution of the system for the grid size N = 100, the
space step b = 9.9 - 1073. The spectral radius of the matrices 1211, Ay
(17) for this space step is p(A;) = 0.999, k = 1,2. Due to the fact that
the spectral radius is close to unity, the vector randomized algorithm 2.4
converges slowly, and the number of iterations K must be large enough
to obtain the solution of linear systems (9) with sufficient accuracy. We
take K equal to 5 -103. The maximum variance of the estimator for the
solution obtained by the algorithm 2.4 for N = 100 is 0.013 for the first
component uj(r) and 0.05 for the second component ug(r). We simulate
M = 107 trajectories to get the solution smooth enough to compute mixed
derivatives. These parameter values provide an average absolute error of the
linear system solution equal to 0.0002. The iterative algorithm of solving
the Lamé equation 1.5 converges in four iterations and gives the solution
with an absolute error of 0.0003 and a relative error of 0.01.

The partition “Cascade_lake” of the cluster “MVS-10P” of the Joint
Supercomputer Center of RAS [20] is employed for calculations. The “Cas-
cade_lake” node consists of two processors Intel Xeon Gold 6248R CPU 3.00
GHz, each containing 24 cores with 2 threads.

0 0
~ 05 —v1_calculated N 05 —v2_ calculated
> === v1_exact > w2 exact
@ -1 @ 1 -
k=] z
w w
5 15 < -15
s @
g £ 2
E’ 25 -E’ 2.5
o -3 o -3
= i
F 35 F 35
0 010203040506070809 1 0 010203040506 07 0809 1
X-coordinate X-coordinate
a b
0.14 0.14
0.12 = = =ul_calculated 012
w1 exact
7 o1 — 01
= 3
E 0.08 .5 0.08
= 0.06 = 0.06
8 2
0.04 0.04
2 2 — — u2_calculated
F 002 F0.02 w— 12 ©XaCt
0 0
0 010203040506 070809 1 0 01020304050607 0809 1
X-coordinate X-coordinate
¢ d

Figure 2. The right-hand sides (a, b) and solutions (c, d) of the Lamé equation
obtained using the iterative algorithm and calculated using the exact formulae
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The calculation time for solving one linear system is 13 seconds, and the
entire time for solving the Lamé equation is 102 seconds when using a single
node and 48 MPI processes.

Figure 2 shows the right-hand sides v;(r), va(r) and solutions uy (),
uz(r) obtained by the iterative algorithm (1.5) and calculated using exact
formulae (28), (29). As shown, the approximation of mixed derivatives,
which is included in the right part, is not smooth. However, the solution of
the Lamé equation is calculated with good accuracy.

Conclusion

A stochastic iterative algorithm for solving the Lamé equation in a two-
dimensional domain is presented. We deal with a system of two coupled sec-
ond order elliptic equations for the displacement vector components. Each
equation includes a mixed second order partial derivative of another com-
ponent. The iterative algorithm is based on the following idea: in the first
equation, the mixed partial derivative of the second component is moved
to the right-hand side of the equation. The same is done with the second
equation. We approximate the Lamé equations by finite differences and
transform the resulting system of linear algebraic equations using the red-
black ordering of the Gauss-Seidel method. The linear system is solved using
the vector randomized algorithm. We check the iterative algorithm for solv-
ing the Lamé equation with a known solution. The simulation results show
that the algorithm allows solving the Lamé equation with good accuracy.
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