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Optimization of energy functional
in abstract spline interpolation:
criteria and some results for splines
with tension

V.A. Vasilenko

The aim of this paper is to introduce some formal procedures for the optimiza-
tion of parameters in energy functional for variational spline interpolation. For the
abstract splines with the tension we obtain the representation formula which shows
the structure of dependence of spline with the tension with respect to tension pa-
rameters. It permits us to understand the structure of aim functions we need to
minimize. ’

1. General approach for the optimization
of energy functional in variational spline
approximation

Let X, Y, Z1, Z; be real Hilbert spaces, 4; : X = Z;, A2 : X — Z3 be
linear bounded operators, and 2; € Z;, 23 € Z, be the fixed elements.

Let us consider some set 1 C R" and the parametric family of linear
bounded operators T, : X — Y, oo € 9. We suppose that the following
spline interpolation problems

off) = arg min Tzl @
z€EA] "(z1)

o‘&z) = arg nll;n "Ta‘”“%’ (2)
zeAg (Zz)

Yo = arg ITezlly )

2"5'41_l(irtlll)irl11-“z'1(22)
are uniquely solvable for every a € 9. Here

AN (z)={zeX: A1z =2}, A;l(zn)= {reX:Az=2} (4
Thus we suppose that [1]

ATHz) #0, A7N(z2) #0, A7(z1) N A7Y(z) #0,
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and for every a € 9 the image of T, is closed in X, ker T, Nker A; contains
only zero vector, ker T + ker A; is closed in X, i =1,2.
We formulate now few criteria of the optimal choice of the parameter .

In every criterion we need to minimize some reasonable aim function e(a),
a eI

a) One-sided criteria: p(a) = [|A2cr¢(,1) — 23|z, or p(a) = l|Alar,(f) — 21243

b) Two sided weighted criterion: p(a) = clﬂAga&l) — 22|z, +c2|| 41 o) —
Z;”zl, c1>0,e2>0,c1+¢c2= 1;

¢) Cross criterion: ¢(a) = IIGE') - Uc(:z)llx;

d) Hybrid criteria: @(a) = [Za ~ 08 llx or p(e) = [Za — & |Ix.
In practice, each of these criteria can be replaced by its residual version
i.e., the parameter a is acceptable if the value of aim function becomes
sufficiently small.

2. Abstract splines with the tension

General optimization problem for energy functional generated by arbitrary
family of energy operators {Tn}, oy may be extremely complicated both
from theoretical and numerical points of view. Therefore, we consider here
the simplest case of the family {7} linearly depending on parameters.

Let 90 be the positive octant in R",

M = [0, +00) x [0,400) X ... % [0,+00), (5)

and Ty, T4, .. ., Ty be linear bounded operators from X to the Hilbert spaces
Yy, Y1,...,Y,. Let a € 9 be a fixed vector with the components o, ag,
..., 0p. We formulate the following spline interpolation problem: find o, €
X under interpolation constrain Ajo, = z which minimizes the energy
functional

ITooald, + 3 crlTkoald, € | Taoally- (6)
k=1

Here Y = Yy x Y7 X ... x Yy, is the new Hilbert space with the scalar product

n

(w,v)y = D (uk, i)y,

k=0

and with the corresponding Hilbert norm, and T, : X — Y acts by the rule

Tox = [To,a},\/a_]_-T].:E,...,-\/an Tnm] (7)
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Splines of this type we call “abstract splines with the tension”. In accordance
with the general theory, to find the spline o, we need to solve the operator
- system
Taoa + AlAq =0, Ajoq = 2. (8)
Here Ay € Z; is the Lagrangian multiplier, and T3T, : X — X is of the
form .
ToTo =TeTo + Y o Ty T (9)
k=1

3. How spline with the tension depends
on parameters?

To analyze the structure of aim functions ¢(a) in optimization criteria with
respect to parameters of tensions a;,ag,...,a, we need to analyze how o,
depends on these parameters.
It is easy to see that the spline with the tension o, can be always repre-
sented in the form
Oq = 00 — Nq,

where interpolating spline oy corresponds to zero coefficients a3 = ap =
... = an = 0, and n, belongs to ker A;. If we consider some basis system
©1,%2,- -, Pn, .. (may be infinite) in the linear space ker A;, the minimiza-
tion of energy functional with respect to the coefficients b; in the expansion
. nq =), bjp; leads to the system

J

n n
(Bo+3 axBi )b =Y anf®), (10)
k=1

k=1

where By = By > 0, By = By, > 0. Therefore, the spectral analysis of this
system can be applied with the eigenvalues and vectors of the generalized
eigenvalue problems

Bu® = AR Bu® k=12 . n (11)
The following theorem is valid.

Theorem. If generalized eigenvalue problems (11) have common basis of
eigenvectors, then the following representation formula for the spline o,
with the tensions takes place

f: o:k)\f,-k)

Oa=09— Y hln—(k) - Cj(a0)¥y, (12)
i 14 E ak)\j
k=1
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where Cj(og) is independent of a linear functionals and v; are normalized
in scalar product (TyTou,v)x basis elements in ker A;. These elements are

also independent of a. Moreover, A?’) >0,k=12,...,n,7=1,2,....

Remark. If n = 1, then the basis of eigenvector is always “common” and
one-parametric representation does always exist:

o\
0o =00— ) 2 Cj(o0)¥;-
j ]

Thus, this theorem allows us to clarify the structure of various aim functions
in various optimization criteria and to choose numerical methods for the
optimization. In practical computations, the optimization of parameters in
energy functional shows us high efficiency and essential improvement of the
results. But the numerical methods for this optimization requires further
theoretical researches.
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