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Suspension hydrodynamic equations:
two-phase models∗

G.S. Vasiliev, Yu.V. Perepechko

Abstract. Two-velocity models of suspension hydrodynamics are considered, us-
ing the equality condition for chemical potentials of the phases or without this con-
dition. The model equations are obtained by the conservation law method and are
thermodynamically consistent under the assumption of one pressure or two pressure
systems. Models are compared numerically on the test problems of discontinuity
decay using the TVD method. A comparison was also made with a two-velocity
suspension model with an internal energy dependent on the phase volume fractions.
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Introduction

This paper discusses models of hydrodynamics for two-velocity mediasuit-
able for study the mechanics of liquid mixtures, granular materials, bub-
bly liquids, and suspensions. The models under study were obtained by
the phenomenological method of conservation laws [1, 2] which ensures the
thermodynamic consistency of the model and the hyperbolicity of the equa-
tions in the reversible approximation. The property of hyperbolicity for the
systems of equations makes it possible to use effective numerical methods
and to study the system behavior on discontinuous solutions. In this paper,
the analysis of equations is based on the explicit GFORCE method [3–5].
The GFORCE method was widely developed in [6–9], as well as difference
schemes based on the TVD method [6]. The advantage of the TVD-scheme,
based on the principle of non-increase of the total variation of the solution,
is the monotonicity property of solution. The aim of this paper is to study
the influence of the given thermodynamic properties of a two-phase medium
model on the relative phase dynamics that determines the choice of a specific
model for describing natural and technology systems.

1. Mathematical models of two-phase media

Model 1. The dynamic properties of continuous media models are deter-
mined by the functional dependence of the internal energy of the medium
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under consideration. In this model, we will assume the following depen-
dence of the internal energy (per unit volume) of a two-phase medium
E0 = E0(ρ, S, j0)

dE0 = µdρ+ T dS + (w, dj0).

Then the pressure can be determined by the relation

p = −E0 + µρ+ TS + (w, j0).

The system of two-velocity medium motion equations with equilibrium of
pressures for every phase (obtained by the method of conservation laws)
takes the following form [10]

∂ρ1
∂t

+ div(ρ1u1) = 0,
∂ρ2
∂t

+ div(ρ2u2) = 0, (1)

∂ji
∂t

+ ∂k(ρ1u1iu1k + ρ2u2iu2k + pδik) = 0, (2)

∂w

∂t
+ (u1,∇)w + (w,∇)u2 +

1

2
∇w2 + b

ρ

ρ1
w = 0, (3)

∂S

∂t
+ div

(S
ρ
j
)

=
R

T
. (4)

This system of equations fulfills the energy conservation law

∂E

∂t
+ div

(
(p+ E)

j

ρ
+
ρ2
ρ

(u1, j0)w
)

= 0. (5)

Here ρ1, ρ2 are the partial phase densities, ρ = ρ1 + ρ2 is the density
of the two-phase medium, u1, u2 are the phase velocities, w = u1 − u2 is
the relative phase velocity, j = ρ1u1 + ρ2u2 is the momentum of the two-
phase medium, j0 = ρ1w is the relative momentum, p is the pressure, T is
the temperature, µ is the chemical potential, S is the entropy density per
unit volume, and b is the coefficient of interfacial friction. Since the model
takes into account the energy dissipation only due to interfacial friction, the
dissipative function R has a simple form R = bρ2w

2.

The energy density per unit volume is given by the relation

E = E0 + ρ1(u2,w) +
1

2
ρu22. (6)

The system of equations (1)–(4) is closed by setting the equation of state

p = p(ρ, S,w2), T = T (ρ, S,w2).
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The fractional flow equations for such a medium have the form

∂u1

∂t
+ (u1,∇)u1 = −1

ρ
∇p− ρ2

2ρ
∇w2 − bρ2

ρ1
w,

∂u2

∂t
+ (u2,∇)u2 = −1

ρ
∇p+

ρ1
2ρ
∇w2 + bw.

Model 2. In this model, the equality of the chemical potentials between
the phases will not be accepted, as a result, the pressures in the phases will
also be different. The dependence of the specific internal energy of such a
two-phase medium will be as follows: E0 = E0(ρ, ρ1, S, j0),

dE0 = µdρ+ q dρ1 + T dS + (w, dj0).

Then the pressure can be determined by the relation

p = −E0 + µρ+ qρ1 + TS + (w, j0).

The system of motion equations for a two-velocity medium has the
form [11]:

∂ρ1
∂t

+ div(ρ1u1) = 0,
∂ρ1
∂t

+ div(ρ1u1) = 0, (7)

∂ji
∂t

+ ∂k(ρ1u1iu1k + ρ2u2iu2k + pδik) = 0, (8)

∂w

∂t
+ (u1,∇)w + (w,∇)u2 +∇q +

1

2
∇w2 + b

ρ

ρ1
w = 0, (9)

∂S

∂t
+ div

(S
ρ
j
)

=
R

T
. (10)

The consequence of the system of equations (7)–(10) is the energy con-
servation law (5). The energy density per unit volume is determined by
relation (6).

Above, the interfacial interaction parameter q has been defined; this
parameter, which along with the pressure, determines the pressures in the
phases p1 and p2.

The system of equations (7)–(10) is closed by setting the equation of
state

p = p(ρ, ρ1, S, w
2), T = T (ρ, ρ1, S, w

2).

The motion equations for this medium have the form

∂u1

∂t
+ (u1,∇)u1 = −1

ρ
∇p− ρ2

ρ
∇q − ρ2

2ρ
∇w2 − bρ2

ρ1
w,

∂u2

∂t
+ (u2,∇)u2 = −1

ρ
∇p+

ρ1
ρ
∇q +

ρ1
2ρ
∇w2 + bw.
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2. Difference scheme

The systems of equations of two-velocity hydrodynamics Model 1 (1)–(4)
and Model 2 (7)–(10) in the one-dimensional case are represented as discrete
analogs of the conservation laws

∂U

∂t
+
∂F (U)

∂x
= Q. (11)

For integration over time, a first-order scheme is used in a space-time cell
[xi−1/2, xi+1/2]×[tn, tn+1] with steps ∆x = xi+1/2−xi−1/2 and ∆t = tn+1−tn:

Un+1
i = Uni −

∆t

∆x
(Fi+1/2 − Fi−1/2) + ∆tQ,

where flows are calculated according to the GFORCE scheme using a com-
bination of Lax–Friedrichs and Lax–Wendroff flows [6,9]

FGF
i+1/2 = θFLW

i+1/2 + (1− θ)FLF
i+1/2, 0 ≤ θ ≤ 1,

FLF
i+1/2 =

1

2
(F (Uni ) + F (Uni+1))−

1

2

∆x

∆t
(Uni+1 − Uni ), (12)

FLW
i+1/2 = F (ULW

i+1/2), ULW
i+1/2 =

1

2
(Uni + Uni+1)−

1

2

∆t

∆x
(F (Uni+1)− F (Uni )).

(13)

The time step is calculated according to the formula

∆t = KCFL min
i

∆x

Cmax
i

,

where KCFL is the Courant number, Cmax
i is the maximum speed of sound.

The GFORCE method is used in conjunction with TVD reconstruction
with a minmod limiter. Flows (12) and (13) are calculated as follows

FLF
i+1/2 =

1

2
(F (UnL) + F (UnR))− 1

2

∆x

∆t
(UnR − UnL),

FLW
i+1/2 = F (ULW

i+1/2), ULW
i+1/2 =

1

2
(UnL + UnR)− 1

2

∆t

∆x
(F (UnR)− F (UnL)),

where

UnL = Uni −
1

2
σi, UnR = Uni +

1

2
σi,

σi =

{
max(0,min(∆i−1/2,∆i+1/2)), ∆i+1/2 ≥ 0,

min(0,max(∆i−1/2,∆i+1/2)), ∆i+1/2 < 0,

∆i−1/2 = Uni − Uni−1, ∆i+1/2 = Uni+1 − Uni .
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3. Model results comparison

The models were compared using the problem of discontinuity decay in the
one-dimensional isentropic approximation taken as an example. The initial
data for the first phase were taken as ρph01 = 1000 kg/m3, γ1 = 2.8, C01 =
1540 m/s, cV 1 = 4.2 kJ/(kg·K), α1 = 0.89, u01 = 0 m/s, for the second

phase ρph02 = 0.66 kg/m3, γ2 = 1.4, C02 = 430 m/s, cV 2 = 0.7 kJ/(kg·K),
α2 = 0.11, u02 = 0 m/s. At the initial time in the middle of the region, the
pressure discontinuity is set for each of the components:

pi(0, x) =

{
106 Pa, 0 ≤ x ≤ 0.5,

105 Pa, 0.5 ≤ x ≤ 1,
i = 1, 2 . . . .

The equation of state in these calculations was chosen as the van der Waals
equation

p1(ρ1) = p01 + ρ01
C2
01

γ1

(( ρ1
ρ01

)γ1
− 1

)
, p2(ρ2) = ρ2

C2
02

γ2

( ρ2
ρ02

)γ2
,

where ρ0i are the physical densities under normal conditions.

The results of the comparison are presented in Figures 1 as a comparison
of the pressure and velocity profiles for the second phase at time t = 1.85 ms.

Figures 1a and 1b demonstrate the close behavior of the pressures of
the models with one and two pressures, while the distribution of phase
velocities differs significantly. We will demonstrate this on a problem in
which the pressure jump in each of the phases will be different. Let us
carry out a numerical comparison with the initial data for the first phase
ρph01 = 998 kg/m3, γ1 = 3.0, C01 = 1407 m/s, u01 = 0 m/s and for the second

phase ρph02 = 850 kg/m3, γ2 = 2.96, C02 = 1225 m/s, u02 = 0 m/s.

Figure 1. Profiles for pressure (a) and velocity (b) of second phase for Model 1
and Model 2
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At the initial moment of time, the pressure gap in g/(cm · s3) is set for
each of the phases:

p1(0, x) =


9.0 · 105,

9.9 · 105,

9.0 · 105,

p2(0, x) =


1.0 · 105, 0 ≤ x < 0.5,

1.1 · 105, 0.5 ≤ x ≤ 0.6,

1.0 · 105, 0.5 < x ≤ 1.

The calculation results are shown in Figures 2–7. The profiles of pres-
sures and phase velocities are presented for different moments of time. Fig-
ures 5 and 7, representing the relative phase velocities, demonstrate the
qualitative difference between the models in which the equilibrium of pres-
sures in the phases is achieved even without such a condition. In the first
case, there is no relative motion of the phases.

Figure 2. Pressure profiles in the first phase for Models 1 (left) and 2 (right) at
different times

Figure 3. Pressure profiles for Models 1 (left) and 2 (right) at different times
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Figure 4. Velocity profiles of the second phase for Models 1 (left) and 2 (right)
at different times

Figure 5. Relative velocity profiles of the second phase for Models 1 (left) and 2
(right) at different times

As follows from Figure 1, in these models there is no clearly defined com-
pression wave front, as well as rarefaction waves. Therefore, a comparison
was made with a two-velocity model of a two-phase medium with an explicit
dependence of energy on the volume content of phases.

Model 3. In this model of hydrodynamics of a two-phase medium, obtained
by the method of thermodynamically consistent systems of conservation
laws [9], it is assumed that the phases are not in equilibrium with respect
to pressure, as well as the dependence of the internal energy of a two-phase
medium on the volume content of one of their phases α1. The dependence
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Figure 6. Velocity profiles of the first (left) and second (right) phases for Model 1
(1p) and Model 2 (2p) at different times

Figure 7. Profiles of the relative phase velocity (left) and the pressure difference
in the phases (right) for Model 1 (1p) and Model 2 (2p) at the same time

of the internal energy (per unit volume) of such a two-phase medium will
be as follows E0 = E0(ρ, ρ1, α1, S, j0)

dE0 = µdρ+ q dρ1 + (p1 − p2)dα1 + T dS + (w, dj0)

The system of equations of motion of such a medium is supplemented by
the equation for the transfer of the concentration of one of their phases [12]

∂

∂t
(ρα1) +

∂

∂x
(ρuα1) = 0,
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the equation of relative motion takes the form

∂w

∂t
+∇

(1

2
u21 −

1

2
u22 + h1 − h2

)
+ (u,∇)w − (w,∇)u2 + bw = 0.

Here h1 = e1 + α1
p1
ρ1

, h2 = e2 + α2
p2
ρ2

is the enthalpy of phases, the energy

of a two-phase medium is determined through the energies of the phases
E = ρ1(e1 + u21/2) + ρ2(e2 + u22/2).

The system of equations (7)–(10) is closed by setting the equation of
state

p1 = p(ρ1, S), p2 = p(ρ2, S), T = T (ρ1, ρ2, S).

The result of calculations according
to Model 1 and Model 2 is shown in
Figure 8. A model of a two-phase
medium with an explicit dependence of
internal energy on the volume content of
phases demonstrates the correct behav-
ior of compression and rarefaction waves
when a pressure jump is specified, which
indicates the need to take into account
such a dependence when studying acous-
tic and seismic phenomena in two-phase
media and their interaction with hydro-
dynamic flows.

Figure 8. Velocity profiles of
the second phase for Model 1 and
Model 3 at the same time

Conclusion

In this work, the problem of discontinuity decay for thermodynamically
consistent models of two-phase media of three types is numerically studied:
equilibrium in pressure in phases, nonequilibrium in pressure in phases, and
nonequilibrium in pressure with internal energy depending on the volume
fractions of phases. The condition of non-equilibrium is decisive for the
relative motion of phases when energy dissipation is taken into account only
due to interfacial friction.

References

[1] Toro E.F., Titarev V.A. MUSTA fluxes for systems of conservation laws // J.
Computational Physics. –– 2006.–– Vol. 216, No. 2. –– P. 403–429.

[2] Khalatnikov I.M. Introduction to the Theory of Superfluidity. –– New York:
W.A. Benjamin, 1965.

[3] Dorovsky V.N. Mathematical models of two-velocity media. Part I // Math.
Comput. Model. –– 1995. –– Vol. 21, No. 7. –– P. 17–28.



96 G.S. Vasiliev, Yu.V. Perepechko

[4] Toro E. F., Titarev V. A. MUSTA fluxes for systems of conservation laws //
J. Computational Physics. –– 2006.–– Vol. 216, No. 2. –– P. 403–429.

[5] Lax P.D. Weak solutions of nonlinear hyperbolic equations and their numerical
computation // Communications on Pure and Applied Mathematics.–– 1954.––
Vol. 7. –– P. 159–193.

[6] Lax P., Wendroff B. Systems of conservation laws // Communications on Pure
and Applied Mathematics. –– 1960.–– Vol. 13. –– P. 217–237.

[7] Toro E.F. Riemann Solvers and Numerical Methods Fluid Dynamics. ––
Springer, 2009.

[8] Castro M.J., Pares C., Pardo A., Toro E.F. Well-balanced high-order MUSTA
schemes for non-conservative hyperbolic systems // Numerical Mathematics
and Advanced Applications. –– 2008. –– P. 249–256.

[9] Castro M.J., Pardo A., Pares C., Toro E.F. On some fast well-balanced first
order solvers for nonconservative systems // Mathematics of Computation. ––
2010.–– Vol. 79, No. 271. –– P. 1427–1472.

[10] Romenski E., Drikakis D., Toro E. Conservative models and numerical methods
for compressible two-phase flow // J. Scientific Computing. –– 2010. –– Vol. 42,
No. 1. –– P. 68–95.

[11] Dorovsky V.N., Perepechko Yu.V. Theory of the partial melting // Sov. Ge-
ology and. Geophysics. –– 1989.–– No. 9. –– P. 56–64.

[12] Dorovsky V.N., Perepechko Y.V. A hydrodynamic model for a solution in
fracture-porous media // Russian Geology and Geophysics. –– 1996. –– Vol. 37,
No. 9. –– P. 117–128.

[13] Romenski E., Belozerov A.A., Peshkov I.M. Conservative formulation for com-
pressible multiphase flows // Quart. Appl. Math. –– 2016. –– Vol. 74. –– P. 113–
136.


