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Hybrid simulation of collisionless shock waves
using the PIC-method*

L.V. Vshivkova, G.I. Dudnikova, T.V. Liseykina, E.A. Mesyats

Abstract. We present a 2D hybrid numerical plasma model for the simulation of
the physical processes in supernova remnant shock precursor. In simulation, a shock
is generated by sending a supersonic flow against a reflecting wall. The interaction
between the incoming and reflected streams produces a sharp discontinuity, which
moves away from the wall. The hybrid approach reduces computer costs relative to
a fully kinetic approach while treating ions with a greater accuracy than MHD al-
lows. Another important advantage of the hybrid approach is a possibility to study
important instabilities on the ion time scale, neglecting the high-frequency modes
associated with electrons. The new numerical model to investigate the processes of
particle acceleration on the front of a shock wave is presented.

1. Introduction

In this paper, a 2D numerical model to investigate an acceleration mech-
anism of cosmic ray charged particles on a shock front is presented. This
problem is of interest in astrophysics, plasma physics and charged particle
accelerators. Numerical models, applied to the investigation of the problem
of generation and dynamics of cosmic rays [1,2], are divided into three types
and are associated with the kinetic or magnetohydrodynamic approach. The
most full description is based on the Vlasov kinetic equation and Maxwell’s
system of equations. However, the difficulty in the implementation of such a
model, dealing with a big difference in space and in time scales for electrons
and ions, complicates its application when carrying out computations even
using modern computer systems. Also, the MHD-models are often used.
Nevertheless, they do not permit the description of violation of one-flow
streams when particles are reflected from the shock front. The research
based on the hybrid (combined) models [3-7], where an electron component
of plasma is described by the MHD-approach, while ions are kinetically
treated, and vice versa [8,9], allows one to essentially reduce the require-
ments for computation resources, and is now more promising in terms of nu-
merical experiments. For their implementation, this type of models requires
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utilization of the PIC-method [10,11] and the practice to solve large-scale
problems based on the algorithms of parallel computations.

2. Statement of the problem

Let us consider a 2D-problem (in the Cartesian coordinates) of a plasma flow
injection into the uniform plasma background (Figure 1). The plasma flow
consists of hydrogen ions and electrons. At the initial time ¢ = 0, the plasma
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Figure 1 the velocity v = 0 (or v =

vo). Entering the considered

area from the left, the plasma flow forms a shock wave which accelerates

charged particles of the background plasma towards the right boundary and

which, afterwards, are reflected from it. It is supposed that plasma is quasi-
neutral, i.e. the densities of ions and electrons are equal n; = n, = n.

3. The initial system of equations

Let us write down the initial system of equations of the proposed hybrid
model. The Vlasov kinetic equation for ions in the problem is solved by the
PIC-method, therefore, the following characteristic equations of this kinetic
equation are used

dr dv 1
= Ua, Mot = Zae(E+ ~vq x B) + R,

Here Z, is the degree of ionization of ions of a sort o, E = {E,, Ey, E.}
and B = {B;,, By, B,} are the intensities of the electric and magnetic fields,
R, is the force of friction between the ions of the sort a and electrons.
The density n, and the average velocity of the ions V, of the sort a are
determined by the ion distribution function f, by the velocities

1
na:/fadva Vo= n/favadv-

The motion of an ion component of plasma is described by the magnetic
hydrodynamics (MHD) approach
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where n., V; are the density and the electron velocity, respectively, p. = n1e
is the electron pressure, R, is the force of friction between electrons and
ions, T, is the electron temperature, (). is the electron heating resulting
from collisions of electrons with ions, g. = —k1 V1, is a heat flow, where 1
is the heat conductivity coefficient. Also, the following Maxwell’s equations
are added to the system of equations:

4
VxB="4j VxE=--2v.B=o.
C

Here j is the current density which in the case of multicomponent plasma
is defined as j = e(za ZonaVa — neve), where V,, = (Vaz, Vay, Vaz) =
(Z o Zanava) /ne is the average ion velocity. Plasma is quasi-neutral, i.e.
Ne = Y, ZaNa, consequently, we do not consider the equation V - E = 4mp
in the system, where p = e(za ZoNa — ne) is a volume charge.

As the normalized values we take the following characteristic quantities:
the density of the background plasma ng, the unperturbed magnetic ﬁeQId

By, the Alfven velocity V4 = By/v/4mm;ng, and the temperature Ty = B

81N
In compliance with the stated problem, the initial conditions of the back-

ground plasma at ¢ = 0 are as follows:

n(x,y) = ng = const, ¢q(z,y) =qo = const, T(z,y)=1Tp=0,
B,(z,y) = By(z,y) =0, B,(z,y) = By = const,
Ey(z,y) = Ey(z,y) = Ex(z,y) =0,
vz(2,y) = vy(z,y) = v:(z,y) = 0.

The initial conditions of the incoming flow are given as

n(x,y) = ng = const, ¢q(z,y) =qo = const, T(z,y)=Tp=0,
Ux(xa y) = o, Uy($, y) = UZ($, y) =0.

The solution is considered in the area 0 < < Tpax, 0 < ¥ < Ymax
(see Figure 1). The boundary conditions are written down as the reflection
conditions by = and the periodic conditions by y for the particles (ions); for
the grid functions we have E, = 0, 0E,/0x = 0E./0x = 0, On/0x = 0,
T. = const by x and the periodic conditions by y.
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4. The algorithm description

A uniform grid with the steps h,, hy, by the axes x and y, respectively, is
introduced in the calculation area. The grid function B, is defined at the
grid nodes x; = ih,, yr = khy, the grid functions V., V.., E,, By — at the
nodes i, yp_1/2 = (k — 0.5)hy, the grid functions V;, Ve, Ey, B, — at the
nodes x;_1 /5 = (i — 0.5)hs, Yy, and the functions n, T¢, V;, Ve, E,— at the
centers of cells z;_1 /2, Yr_1/2-

The equations of motion for each particle (hydrogen ions) are solved at
the first computation stage:

ot = o 7 (B 4o B — ol B, (1)

1 :
ot = o (B + o B — ol BY), (2)
ot = o (B o BY - o BYY), (3)
g™t = ™ 4 Y™t =y g Tv;"“. (4)

Note, that at this stage the calculation is carried out in such a way that the
terms ® AyB" = AB and §<AzBLn _ABY
n hy 7 n hg n he hy
force R, are omitted in parentheses of equations (1)—(3) at first (it will be
added at later in the computation). This has been made to reduce the error
as these terms are canceled with similar terms in the equation for E. The
notation for E,, E, and E, is defined below (see formulas (5)), m is a time
layer number and 7 is a time step.
The ion density and the average values of the ion velocity in cells are

found at the second stage:

Mi1/2,k—1/2 = h,,}hy ;QJR(% _hgj_m)E(yj _;L/:—l/?>,

1 Yj — ykq/z)

_ (T T Ti-1)2
Vicijok—1/2 = M1 /201 /2haly Zj:%v]R( hy )R( hy

) dealing with the friction

where j is a particle number and the function R in the PIC-method is defined
as R(t) = max{1 — |¢],0}.

Other equations of the system are solved by finite difference methods.
For the sake of simplicity, the following designations are introduced in the
scheme formulas:

- Jeik—172 1 foi-1k—1/2
Jajiz1/2k—1/2 = 5 7

— Jyi—1/2k + fyi-1/2,k—1
fy,i—1/2,k—1/2 = 9 ,
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Jeik—1/2t foi—tp—1/2 + fojikr1/2 + foio1k+1/2

fx,zel/z,k =

4 )
= _ Tyi-1/26 + fyim1/2h—1 + Fyiv1/2.0 T fyiv1/2,6—1
fy,i,k—l/Q - 4 ’
( fic1j2k—1/2 — fi=3/2k-1/2 .. =
N I faiciek—1/2 >0,
Acficijan-iyz = fiv1/2,5-1 z—xf' 1/2,k—1/2
i+1/2k=1/ iZ1/2k-1/ , otherwise,
\ hy
ficij2h—1/2 — fic1/26-3/2 .. =
W I fyicipk-12 >0,
Ayficijak—1/2 = f _yf
i—1/2,k+1/2 171/2,1@71/2’ otherwise.
\ hy
At the third stage, the components of the electron velocity are found:
Vm+1 Vm+1 _ (B;nzk:_B;nzk’ 1)
k—1/2 jik—1/2 1 pros ;
crik=1/ mikl hy(”znuzk 1/2+”z+1/2 k+1/2)
yml Vm+ + <B;nzlc_Bzz lk)
i—1/2,k = Vyi—1/2,k T1 M1 ;
vt/ / hﬂf(”znl/m 1/2+”z 1/2, k+1/2)
1
+1 _ ym+l
‘/;72171/2,1671/2 = Vzrzfl/Z,kfl/Q + ] X
i—1/2,k—1/2
Bg,lzel/zk - Bz:bifl/zkfl B Bg,tz',kq/z - Bgfiq,kq/z
hy he '

Before going further, let us introduce the notations of different values of
the electric field intensities in the order they appear in the algorithm

Ve OVer OVex
e B ezB ex ey o |
~VeyB. + V. ,8(  Vew =55 4 Vey ay>
. Ney o ey o Vey
Ey— ‘/ezBa:"i_‘/esz ﬁ( 8t +%x%+‘fey 8y )
. Ve, Ve Ve
v+ VeyBo ﬁ(at—i— 6x+y3y>
E;:Ex+ = 0B, :Ex fAsz )
ne Oy n  hy
- x 0B - & A, B
E=F -——E=F, - ——22%
Y Y one ox Yo hy
. ® (0B 0B . ® (AB"  A,B"
E*—EZ e 71/_ x :Ez - Y _ y=x
z +ne<6x y +n( hy hy >7
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~ ~ 1 ape A ~ 1 8])6 ~ -
E.=F. — E,=FE, — E.=F )
v Y 2n, Oz Y Y 2n. Oy’ N = (5)
1 Ope 1 Ope
E,=F*— E,=FE*— E, = E*. 6
v T 2n. Oz’ Y Yo 2n, Oy’ z # (6)

Then, at the fourth stage, preliminary values of the electric field intensities
Ey, Ey, E;, E, E,, and E7 are determined:

m—+1 . B(‘/etc,i,k—l/Z Vvex,i,k—l/Q

Ex,i,kfl/Q = - +

m—+1 _ yym+1
ma1 Vez,z’+1,k—1/2 Vez,z‘—1,k—1/2 n
ex,i,k—1/2 2h.

m+1 _ yym+l
=m+l Vex,i,k+1/2 ‘/ex,i,k73/2
ey,i,k—1/2 2% -
Yy

m m
ﬁmﬂ BT+ Bk
ey,ik—1/2 5 +

m+1 m+1
" exitt/2h—1/2 T Veris1/ak—1/2
yﬂuk_l/Q 2 bl

m+1 _m
e _B(Vey,i—l/m Vegi-1/2.k

yi—1/2,k T
m~+1 _ ymtl
§m+1 Vey,i+1/2,k Vey,i—3/27k
ex,i—1/2,k +
2hy

m+1 _ymel
pmtl Vvey,ifl/2,k+1 Vey,ifl/Q,kfl B
ey,i—1/2,k 2hy

m—+1 m—+1
Bm Veriztjont12 T Verio1/2.k-1/2
vi—1/2,k 5
m m
ﬁmﬂ B+ Bl 1k
ex,i—1/2)k 2 )

+1
fm B B(‘/;Zi—l/lk—l/Q — Vi1 2k-1/2 N

z,i—1/2,k—1/2 — T
m+1 m+1 m~+1 _ym+1
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2 2hg
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m m m+41 m—+1
. +Bm v +V
Bz,z—l/Q,k z,i—1/2,k—1 "ey,i—1/2)k ey,i—1/2,k—1
2 2 ’
m _ pm
E*m+1 _ Em+1 + 288(Bz,i,k Bz,i,kfl)
z,i,k—1/2 = Txik—1/2 (nm+1 +nm+1 )h ’
i+1/2,k—1/2 i—1/2,k—1/2/"%
m m
prmtl B 2ae( zik Bz,i—l,k)
yi—1/2,k = Tyi—1/2k (nm—l-l +nm+1 )h ’
i—1/2,k+1/2 i—1/2,k—1/2/"%%

m — B™
| — il + x yyi,k—1/2 yi—lk—1/2
2i—1/2,k—1/2 zi=1/2k=1/2 T m+1 By
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m m
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At the fifth stage, the magnitudes of the magnetic field intensities are
computed:

(B — gl )

Bm+1 _ pgm 2,i—1/2,k+1/2 2,i—1/2,k—1/2
zi-1/2,k = Pai-1/2,k ~ 3 ;
Y
*m—+1 _ pxmA+1
Bm+Hl _ gm " 7( 2,i+1/2,k—1/2 Ez,i—1/2,k—1/2)
yik—1/2 — Pyik—1/2 I )
gl —Er gl —Erm
1 x,i,k+1/2 x,i,k—1/2 yi+1/2,k yi—1/2,k ~
B = Bl ptT - +Pik,
4, hy hy
5 1[0 (1 0nede) 0 (1 B(neTe))}
where H,k = 5 [aiy <;€ o ) % (nieiay ik or
~ T 1
Pp=—-—————-x
2, 4hxhy ﬁinz—i-l
m+1 m+1 m m
[(”¢+1/2,k+1/2 = o k1) (G212 12 — T jok—1/2)

+1 +1
(“ﬁl/zk—lm - "ﬁ1/2,k+1/2)(1ﬁ1/2,k+1/2 - Tﬁl/2,k—1/2)} .

Also, let us note that the pressure p; ;. in terms of 15zk ispir = ﬁlkﬁk Here,
in order to calculate the term Vn - VT, more accurately, the corresponding
terms in the calculation formulas for B, are taken from the formulas for E.
From their combination, the term Pi’k appears, and the terms E* are used
instead of F in the formulas for B,. This way increases the stability of the
scheme.

Afterwards, at the sixth stage, we find E,, Ey, E, and then determine
the final values of the electric field intensities F,, E,, E, using formulas (5)
and (6). Consequently, we have
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1
m-+1 _ ¥m—41 _ m _m
B i = Erintiye o, [Ti—i-1/2,k—1/2 T o w12+
nm—i—l _ nm+1
m T i+1/2k—1/2 ~ Nio1/2,k-1/2
(T2 6-1/2 i—l/Q,k—l/Z)nm-f—l ol ’
it1/2k—1/2 TN 1/2k-1/2
1
m—+1 _ *m—+1 . m _ mm
By or = Eyilion oh, [Til/Q,k+1/2 T2 o j—1y2 T
nm—i—l _ nm+1
m m i—1/2,k+1/2 ~ Mi-1/2,k—1/2
(T 212 + Tl 2 k—1/2) =i T :
i—1/2,k+1/2 T Ni—1/2k—1/2

Finally, at the seventh stage of computation we determine the temper-
ature T using the splitting scheme, each step being implemented by an
implicit scheme to improve its stability. Also, the velocity sign was taken
into account:

m+1/2 . m+1 m+1/2
711‘71/2,1971/2 = 7;@1/2,k—1/2 - Tvew,i—1/27k—1/2A90T;,1/2’k,1/2 -
Vm—?—l _ Vm—‘rl
ik—1/2 i—1,k—1/2
(- 1)@T1/2,k_1/2( e +
xX
+1 +1
Ve?,i—l/Q,k - VeZL,i—l/Z,k—l 21ae(y — 1)
+ I X
hy (n"h )
i—1/2,k—1/2
1
+1 +1 +1 +1 2
(BT B - BT, - B2
]
1
+1 +1 +1 +1 2
ﬁ( e Bl B~ Bl )t
X
+1 +1 +1 +1
(BZ?i,k—l/z B Bg,lz‘—l,k—1/2 B Bg?i—l/2,k - BZ@'—I/2,I€—1>2:| n
hy hy
Tee1(y — 1) m+1/2 m+1/2 m+1/2
L 12 <Tz‘+1/2,k:—1/2 - 2Ti—1/2,k—1/2 + 1—;—3/27k—1/2)’
i—1/2,k—1/2""
+1 _ gm+1/2 TFm+1 +1
Tﬁ1/2,k—1/2 —tic1/2k-1/2 Tvey,ifl/lkf1/2AyTz‘T1/2,k—1/2 +
Teer(y — 1) +1 +1 +1
pmtl 2 <I'T‘7,T1/2,k‘+1/2 o 2Tz‘n—11/2,k—1/2 + Tz'n—ll/Q,k—3/2)’

i—1/2,k—1/2""y

The algorithm proposed has the first approximation order with respect

to time and space.

5. Computational results

Let us consider the computational results of the wave oscillation formation
when the plasma flow with the velocity v = vg enters the area of unperturbed
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Figure 2. Particle phase planes at the different instants time
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Figure 3. Isolines of the plasma density (a) and z-component of the magnetic
field B, (b)
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plasma. Here the electron temperature was taken to be zero, i.e. T, = 0.
All the results are presented in dimensionless variables.

Figure 2 shows the particle distribution on the phase planes for different
time instants. The velocity of the incoming flow is v9 = 1. As we can
see from this graph, the formed wave has a regular oscillation structure
with a characteristic oscillation scale equal to 0.5. The wave distribution
velocity is 1.3V4. The isolines of the plasma density and z-component of
the magnetic field B, are illustrated in Figure 3 at the time instant ¢ = 7 for
the above parameters. In these figures, one can see the coincidence of the
maximum value coordinates for the density and the magnetic field resulting
from the condition of infinite plasma conductivity chosen for this run. An
increase in the incoming flow velocity up to vy = 4 brings about the shock
wave formation, and as a result of its propagation the particles are reflected
from its front. The particle distribu- lox -2
tion at the time instant ¢t = 3, 4.2, and g TR
4.6 is given in Figure 4. Here the ve-
locity of the shock wave propagation is
2.4V 4, and the velocity of the reflected
particles is of order up to 5. The for-
mation of the “step” on the shock wave
front is caused by the Larmor rotation  Figure 4. Particle phase planes at
of the reflected particles under the ef-  the time instants ¢t = 3 (1), 4.2 (2),
fect of the magnetic field. and 4.6 (3)

Thus, the developed numerical model permits one to describe the shock
formation processes for different Mach numbers of the incoming flow and
the particle reflection from the shock front, whose velocities can attain v =

S = N W A
T

2sthock wave*
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